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O(1)
\nfgPQC
zuKxkx[fg\^fcKz°\^c\^MkQ=Z]Q£Zq\yuH\nfthCjOQ'mnfgQ=Z QwkmnQDZ^Q'z5\u©tcCPwkegQ'\^QZ]Q'\_cKsaOuKZ^fitcKw0Q'myuH\nfgcCzOZ\nMOuH\
w0Q'mnPf¥\\ncwdQDm]¡cCm^P ec[t'uKe¢P_c[x[f%dtDuH\^fcKzdZ:cp\^MkQ\nm^fiupzkCjkeiuH\^fcKz .
• Insert(4) .!uCxkxkZ`ux[QDKmnQ'QbCQ'm^\^Q'§fgz\nm^fiupzkCegQ 4 
• Delete(v) .Ix[Q'eQ\nQDZ`ux[QDKmnQ'Q_KQ'm^\^Q'§¢
• F lip(4, v) .­OfwOZ:\^MOQQDx[CQUcK 4 cKwkw0cCZ^f¥\nQ®\ncKQ'm^\^Q'§ v 
þþ Éqrst
  4/&&[	B&AK"2	  af	&&(/"? I 
	</"
L:MkQ=Z]Q°uKm^Q\nMkQ¤Z]\nupzdxkupmyx cCwdQDmnup\^fcKzOZcCz \nm^fiupzOKjkeiuH\nfgcCzOZ£f¥\nMkcKjk\¦adcCjkzOxkuKm^YCWL:MkQ fzOZ]QDm]ª
\nfgcCz0«HxkQ'eQ\^fcKzcp:uKQ'm^\^Q'§©cKz\^MOQadcCjkzOxkuKm^Y¦fiZx[Q=upeg\fz\^MkQZnupPQPupzkzOQ'mZ^c\nMOuH\ Qx[c£zkcp\
xkfZntjOZnZ:fg\`Q§[wkeft'f¥\nQ'eYK
   *( +  +-,  + 
C  ¶,¶ [3 ¡ º   
	 G  ZPQDzC\nfgcCzkQDx fgz Z^QDt\^fcKz  cKjkmZq\nm^jOt\^jkmnQ©fiZaOuKZ^QDx cCz u \q c°eQ'KQDeZ
xkQDtcCPwdc5Z]fg\^fcKz_cp0\^MkQfzkfg\^fiupe[\nm^fiupzOKjkeiuH\nfgcCz .OmyZq\IfzwkfgQ=tQ=ZIcp±Z]f¨'Q
Θ(lg m)
²ú\^fz,Y\nm^fiupzkCjkeiuH\^fcKzdZn´
uKzOx\^MkQDzmnQ'Cm^cCjkwkfzkCZcpIupa0cKjk\
Θ(lg m)
\^fz,YwkfQDt'QDZ²6Z]Pupee±\^mnfiupzkCjkeup\^fcKzOZy´¬
LcZ8CQ'Ywkmnc[tQDxkjkm^Q=Z®\^MOup\MOQ'ewjOZfz\^MOup\x[QDt'cKPwdc5Z]fg\^fcKzupmnQ_xkQDZntmnfga0QDxa,Y\^MkQ_¡cCegecHfgzO
eQ'PPuKZDIL:MkQdmnZ]\ cCzkQ®t'cKzOt'Q'mnzOZI\nMkQx[QDt'cKPwdc5Z]fg\^fcKzcp¾akfzOupmnY_\^mnQ'Q=Z<;A@D>=¾uKzOxfg\ fege±a0Q®jdZ]Q=xfz
\nMkQtcCzOZ]\^mnjOt¬\nfgcCz0«3jkw±xkup\^QUcp\^fz5Y\^mnfuKzkKjkeiuH\nfgcCzOZD
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°`E3G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k)"2 B  n O I  5L I >94$"KKB-_ 3  NP	)	f	344$%"9P"2Y/4/"
M
^U	9	M<PK	X/&(Y"2_	
O(n)
#	Ye")	#	mO B 	341X#"2
Bi
^  I  I N I 	(iaf/"YX)"2/)	MQS!
3M ≥ ‖Bi‖ ≥ M
b
 x[f(0 QDm^QDzC\$mnQDZ^jke¥\N;Á~=[t'cKzOt'Q'mnzkfzk`cKmyx[QDm^Q=xU\^mnQ'QDZfege5adQ jOZ^Q¡jke5¡cCmt'cKzOZ]\^mnjOt¬\nfgzO®upzdxjkw±xkuH\nfgzk
Z^Pupee±\^mnfuKzkKjOeup\^fcKzOZ5.
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V
KP	/"a "2/"2`#"KK B  n alk>	)	f>a	344$%"RP"2Y/"
M ≥ 2 balK <'e	 O(n) )	Y`a	&[7OaX#"KKeKf>/"	%$p I l"	g$	&!#"KK B ^ I 9	/"/B3&[\9 I /	"_"2#_ l/)	MQl I 9&&( W 	%$ P)"2	3Yo I /	"a	(ief/"X#"KK Bi /)	MQS! ‖Bi‖ ≤ 3M − 4 bc '" I "Y"K^U	  Bi a<K	o I a"2 W  I f
‖Bi‖ ≥ M
b
 
K   Kb» ·  # ³»[D©'D 
p 
 ¶ LG ¯ zkQ®t'm^jOt'fuKeduCZ]w0QDt\fzcKjkm Zq\nmnup\^QDKYb¡cKm PuKfgz5\yupfzkfgzO
\nMkQmnQ'wkmnQDZ^Q'z5\nup\^fcKzjkzOx[QDm`jkw±xkuH\nQDZ`t'cKzOt'Q'mnzOZ\^MkQcCm^5upzkf¨Dup\^fcKzcKPQDP_cCm^YZq\ncKmyupKQC  8KQ'Y\^c,cKe
¡cCmPupzOuKKfzkbPQDP_cCm^YjOZ]Q=xMOQ'mnQUfiZ`ux[Y,zOuKP_fitxkuH\yuZq\nm^jOt\^jkmnQt'uKegeQDx 2JL 	X/&(_""2H
 zQ'§5\nQ'zOxkfgakeQupmnmnu3YtcCz5\nupfzOZ
n
Q=hCjdupegªÑZ^fg¨DQsmnQDt'cKmyxkZ®²³f¥\nMfzOx[Q'§a0Q\q Q'Q'z
0
uKzOx
n− 1 ´upzOxZ^jkwkw0cKm^\nZsZq\yuH\^fituKzOxx[Y,zOupPfitcKw0Q'myuH\nfgcCzOZ/. uKtDtQDZnZ^fgzkumnQDt'cKmyxCfgCQ'z£fg\nZ`fzOx[Q'§¢0t'm^Q=uH\^fzkuzkQD
mnQDt'cKmyxfg\^MfzOx[Q'§
n
²#$"2 W ´dx[fiZnt'upmyx[fzk_\^MkQm^Q=tcKmyxf¥\nMfgzOxkQ§ n ²O I "	O´¬L:MkQzkcCP_fzOuKeZ]f¨'QcKuKz£uKm^myu3Yf¥\nM
n
mnQDtcCmnxOZQ=uKtyMcp$Z]f¨'Q
r
fZcK
nr
aOf¥\yZ'
: MkQDz°tcCzOZ]fix[QDm^fzk£utcKeeQDt¬\nfgcCzcK Q'§,\^Q'zdx[fgaOegQuKm^myu3Y[Z'¢ Qt'uKzuCxkx\^MkQ¡cCegecHfgzO£xkY5zdupPft
cCwdQDmnup\^fcKzOZ5.
create(ri)
mnQ\njkm^zdZ!uzkQD.Q'§5\nQ'zOxkfgakeQsuKm^myu3YMOu3,fgzOm^Q=tcKmyx_Z]f¨'Q
ri

destroy(A)
¡mnQ'Q=Z
\nMkQ¦PQ'PcCm^Y tcCm^mnQDZ^wdcCzOx[fzk\^c \nMkQuKm^myu3Y
A
fz \nMkQ©tcCegeQDt\^fcKz¾ Ñ\nMkQ
i
\^M uKm^myu3Y
Ai
fz \^MkQ
t'cKeegQ=t¬\nfgcCz_MduKZ
ni
m^Q=tcCmnxkZDpQ=uKtyMcp¾Z^fg¨DQ
ri
5QsZnu3Y\nMOuH\@\^MkQ®zkcKPfzOupe0Z]f¨'Q`cK±\^MkQ®Q'z5\^fm^Q®tcKeeQDt¬\nfgcCz
fiZ ∑
i niri

R,cCPQcCm28[Z:fz5\^mnc,xkjOtfzkZ^wOuKt'QªÑQtfQ'z5\sZ^cKej[\^fcKzdZ:¡cKm\nMkQfPwkeQ'PQ'z5\nup\^fcKzcK$x[Y,zOuKPftuKm]ª
myu3Y[ZMOu3CQadQDQ'z.wkm^cCwdc5Z]Q=x ²O;Á}>=¡´¬L:MkQ£x[QDZntmnfgwk\^fcKz cp®cKjkmbP_QDPcKmnYZ]\^cCmnuKKQfiZaduKZ^QDx cCz¤Z]cCPQ
mnQDt'Q'z5\fgPwkmncHKQDPQ'z5\ wOm^Q=Z]QDzC\nQDxfgz ;A@D>=uKzOxQ§[wkmnQDZnZ]Q=xfz\^MkQ¡cCegecHfgzO¡cCm^PZ.
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s+O(aw+
√
saw)
X/	#NO])PLKRB"#^	e'"]Y5L&'OU<')	P^
uCt't'QDZnZP/"2#	P )"KKL	V$  W "	#	V$  	 O(1) #	Y tmnQDuH\nQ^±KmncH  Z]MkmnfzP87K/"2)	 	
O(1)
_"#	(i1#	Y5b
:Q Z^MOuKege5zkQ'Q=xuKzQ§,\^myu`cCwdQDmnup\^fcKzcCzQ§,\nQ'zOx[fakeQuKm^myu3Y[Z/.0\^MOQL&(/)	cp0upzuKm^akfg\^myupmnYsmnQDt'cKmyx
fzuKzupmnmnu3YC : MkQ'zm^Q=tcCmnx
i
fZx[Q'eQ\nQDxfzupzupmnmnu3YcK¾Z]f¨'Q
n+1
CmnQDt'cKmyx
n
fiZt'cKwkfQDxup\fg\nZ@wkeuCtQ
uKzOx¦uZ I "	¦fZ®wdQDm]¡cCm^PQ=x¢®L:MkfiZ®cKw0Q'myuH\^fcKzmnQDh5jkfmnQDZsuKeZ^c\nMkQjkw±xkup\^Q_cp!mnQ¡Q'mnQ'zdtQDZ\^cmnQDt'cKmyx
n
L:MkQuKPcKm^\^f¨'QDxtc5Zq\cp \^MOQtcKw,YO«HZ^Mkmnfgz8cCwdQDmnup\^fcKzOZUfiZ
O(1)
uKzOxfgzcKjOmt'uKZ^Q_\^MkQjOw0xkup\^Q
t'cCZ]\fgee¾a0QQDuKZ^Y\^cQDHupejOuH\nQK
  
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 '6[ º   R,fzOtQcCjkm$m^QDwkmnQDZ^Q'z5\nup\^fcKzfiZ$aOuKZ^QDxbcKzb\^MOQ cCw[\^fPupekt'c,xkfgzk
cK uKege\^MOQ\^mnfuKzkKjkeiuH\nfgcCzOZ®MOu3,fgzkjkw\^c
Θ(lg m)
\nm^fiupzOKeQDZD¢Qtfg\^QupzQ'z,jkPQDmnup\^fcKz©mnQDZ^jkeg\®¡cCm
\nMkfiZ`teiuKZnZ cp$cKa[oqQ=t¬\nZD[Q§[wkmnQDZnZ^QDxfz\^MkQ¡cCegecHfzk¡cCm^P²ú¡cCm`u_Z28KQ'\ntyMcp\^MkQwkmnc,cp$Z]QDQY;(@=¡´.
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22.175p
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 &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 '6[ º   z£cKjkmswkm^QD,fgcCjOZ cKmK8\; =80LuKakeQ
A
tcCzC\yupfzkQDx 1
4
lg m
wdcCfgz5\^QDmnZ\^cLuHª
aOegQ=Z
Ai
QDuCtyMZ]\^cCm^fzk\^MkQefiZq\cK upee$\^mnfiupzkCjkeup\^fcKzOZUcK:Z^fg¨DQ
i
  @egQDP_QDz5\nZfzLupaOegQ
Ai
cCzkQ_¡cKm
QDKQDm^Y_\^mnfiupzkCjkeup\^fcKz¾[uKm^QUwdcCfgz5\nQ'myZ@\ncupzQ§[wkeft'f¥\mnQ'wkmnQDZ^Q'z5\nup\^fcKz
Aexpliciti,j
cK\nMkQtcKmnmnQDZ^wdcCzOx[fzk
t'cKPbakfgzduH\^cCm^fiupe¾Z]\^mnjOt\^jkmnQK  z,jkPa0Q'mscpIfgzk¡cKmnPup\^fcKzOZ` uCZ`Zq\ncKmnQDx\^cuKegecH QtfQ'z5\szOu3,fCup\^fcKz
fz\^MkQ_\^fz,Y£\^mnfuKzkKjOeup\^fcKz¾¾uCZs\nMkQuKx3o]uCtQDzOtY£mnQ'eiuH\^fcKzdZ®a0Q\q Q'QDz¦\nm^fiupzkCegQ=Z'bTcKmnQ'cHCQ'm=0uKz
O(i)t'c[x[QU¡cKm:QDuCtyM\nm^fiupzkCjkeiuH\^fcKzcpZ^f¨'Q
i
fiZtcKPwkjk\^QDxupzdxuCZ^Z^c[tfiuH\^Q=x\ncb\nMkQ
Aexpliciti,j
,¡cCegecHfzk_u
mnQDt'Q'z5\@tcCPwOuKt\!Q'zOt'c,xkfgzk²
4i−2 akf¥\yZ!Z^j[tQK,Z^Q'Qk;A@@=ú´.\nMkfZx[c,QDZIw0Q'mnPf¥\@\^cfzOx[Q'§bQt'fgQDzC\negY_fz\yupakeQDZ
Ai
±Q'zOZ^jkmnfgzkuegfzkQ=upm®\^fP_Q_tc5Zq\`¡cCms\nMkQbt'cKzOZ]\^mnjOt\^fcKzcpI\nMkQQDz5\^fm^Qbm^QDwkm^Q=Z]zOQ\nup\^fcKz ²³Z^Q'Q
;A@=¾¡cCmPcKmnQxkQ\nuKfgeiZupa0cKjk\\^MkQt'cKzOZ]\^mnjOt¬\nfgcCzwkMduKZ^Qt'cCZ]\nZy´¬
zcCmnxkQ'm¢\nc®x[Q=upeKfg\^Megc[t'uKeKjkw±xkup\^QDZcp,\nMkQ!\nm^fiupzkCjkeiuH\^fcKzD Q!Q'zOm^fityM\^MkQwkmnQ',fgcCjOZxkQDZntmnfgw[\nfgcCz
\nc¦cKak\nupfz uzkQD Q'§[wkegfitfg\mnQ'wkmnQDZ^Q'z5\yuH\^fcKz\^MduH\_uKegecH`ZU\^c©wdQDm]¡cCm^Pegc[tDupe!Pc[x[f%dt'up\^fcKzOZfgz\nfgz,Y
\nm^fiupzOKjkeiuH\nfgcCzOZ'zwOupm^\^fitjkeiupm=5\^cfP_wOegQDP_QDz5\`egc[t'uKe±KQ'm^\^Q'§fgzdZ]QDm]\nfgcCzOZ:fgz
O(1)
\^fP_QCk QuCxkx\^MkQ
¡cCegecHfzk dQ'eixkZ:\^c_\nMkQQ§[wkeft'f¥\`mnQ'wOm^Q=Z]QDzC\yuH\nfgcCz
Aexpliciti,j
.
V
Aexpliciti,j .add 
 vertex
fiZu \yupakeQ©t'cKz5\nuKfgzkfzk¤uKege®wdc5Z^Z^fakegQ©\^mnfuKzkKjOeup\^fcKzOZcKZ]f¨'Q
i + 2cCa[\nuKfgzOQDxa,YuKxkxkfgzkuCQ'm^\^Q'§_\nc\nMkQUt'jkmnm^QDzC\\^fz,Y\^mnfuKzkKjkeiuH\nfgcCzfgz
Aij
IL:MkQ
k
\^Mm^Q=tcKmyxfz\^MOfZ
\yupakeQ²³cKzkQb¡cKmUQDuCtyM\^mnfiupzkCegQfz¦\nMkQb\^mnfuKzkKjkeiuH\nfgcCzd´`t'cKz5\nuKfgzdZsu
Θ(lg m)
fgzOxkQ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KQ_²³Z^Q'Q
¾QDPPu a0Q'ecHs´¬
6  zQ§,\nQ'zOx[fakeQ`upmnmnu3Y Ti fiZIjOZ^QDx\^c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cCPakfzOup\^cKmnfiupeZ]\^mnjOt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\^fz,Y\nm^fiupzOKjkeiuH\nfgcCz¾OupmnQwOuCxkx[QDx£cCj[\`\nc\^MkQbzkQ§,\sPbjkeg\^fwkegQbcp √
lg m
. egQ'\sjOZscKaOZ^Q'mnKQ\nMOuH\
\^MkfiZwOuCxkx[fzkcKw0Q'myuH\nfgcCzx[c,Q=Z: uCZq\`uH\PcCZ]\ √
lg m
akf¥\yZw0Q'm:\^fz,Y\nm^fiupzkCjkeiuH\^fcKz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,OcKmQDuCtyM©Z]fix[Q_cp T T ij egQ'\UjdZUtyMOc5c5Z]QbcKzkQ_zkc[x[Q nk tcCm^mnQDZ^w0cKzOx[fzk\ncua0cKjkzOxOupmnY\nm^fiupzOKeQ
4k
.I Q\^MkQDzuH\]\yuKtyM£u_egQ=uH\nc
nk
fz B2 @R,Q'\:\^MkQ Q'fKM5\cp\^MkfiZeQDupQDh5jOuKe±\^c ‖Bk‖  ZmnQDZ^jke¥\ QcKa[\yupfz u£akfgzdupmnY\^mnQ'QcK:Z^fg¨DQ ‖T T ij‖ + s fg\^M\ncp\yupe! Q'fKM5\ ‖ST i‖ MOQ'mnQfz5\^QDm^zOuKe:zkc[x[QDZMOu3CQ Q'fKM5\yZQDh5jOupe \nc
0
uKzOxuZ^Q'eQDt\^fcKzcpUegQ=u3KQDZbMOu3CQ Q'fKM5\nZZnuH\nfZ]¡Y,fgzO

Q'PPul@=,
:QUtDupzzkcH upwkwOegY 
¾QDPPu`@=\^c B2 cCa[\nuKfgzkfzk\qc_Z]jkakª6\nm^QDQDZ B′2,B′′2
MOcCZ^Qs Q'fKM5\nZupmnQ®uH\
Pc5Zq\ 2
3
w(B2)

:Q`KQ'\!ux[QDt'cKPwdc5Z]fg\^fcKz_cp T T ij fgz5\nc®\q czkQ' Z^jka[ª8\^mnfuKzkKjkeiuH\nfgcCzOZ T T ij′ uKzOx T T ij′ MkfityMxkc5Q=ZfgzOxkjOtQ`uUx[QDt'cKPw0cCZ^f¥\nfgcCzcp ST i fz5\^c®\qcZ^PupeeC\nm^fiupzOKjkeiuH\nfgcCzOZ ST ′,ST ′′ Kt'cKz5\nuKfgzOfgzkUQDuCtyMup\P_c5Zq\ 2
3
‖ST i‖
\nfgz,Y\nm^fiupzkCjkeiuH\^fcKzdZ'
Ñ\Z]jkt'QDZ\^c_uKxkx T T ij′ ²¡mnQDZ^w¾ T T ij′′ ´I\nc\nMkQ®jOzkfgcCzcpuKx3o]uCtQ'z5\\^fz5Y\nm^fiupzOKjkeiuH\nfgcCzOZ'CMkfityMt'cKmnm^Q=Z]w0cKzdx\^c_\nMkQzkc[x[QDZ:cK B′ ²¡mnQDZ^w¾\^c\nMkQzkc[x[Q=Z:cp B′′ ´ ZIm^Q=Z]jOe¥\!cKd\nMkQwkmnQ',fgcCjOZIZ]\^Q'wdZIQCQ\$\^MOQsx[QDt'cKPw0cCZ^f¥\nfgcCzbcK ST i fzC\ncZ]jkakª6\nm^fiupzkCjkeiuH\^fcKzdZ
ST ′,ST ′′ .\^MkQDYbupmnQ:HupefxZ^PuKege,\nm^fiupzOKjkeiuH\nfgcCzOZIZ]fzOt'Q:\^MkQDYbx[Q OzkQ`uwOuKm]\nf¥\nfgcCzbcKd\nMkQ:\^mnfuKzkKeQDZ$cK
ST i
 ¯ aOZ^Q'mnKQ`\^MOup\ ST ′ fZ ut'cKzkzkQ=t¬\nQDxZ^jka[ªÑm^QDKfcKzcK ST i ¡cKm\^MOQ®:u3Yb QsjdZ]Q=x\^cx[QDt'cKPw0cCZ^Q
B2

Lc`tcCzOtejOx[Q$\nMkfZx[QDt'cKPw0cCZ^f¥\nfgcCzUwOMOuKZ^QIQIcCaOZ^Q'mnKQ\^MOup\f¥[cCzkQIcp5\^MkQ@zkQ'\^fz,Ys\nm^fiupzkCjkeiuH\^fcKzdZ
t'm^Q=uH\nQDx¢Znu3Y£¡cKmQ§kupPwkeQ T T ij′ MOuKZzOcp\HupefxZ^fg¨DQ£² < 112 lg m
\^mnfiupzkCegQ=Zn´s\^MOQ'zf¥\Z^j[tQ=ZU\^c
¡jdZ]fcKzf¥\`fg\^MuKz£uCx3o]uKt'Q'z5\:\^fz,Y\^mnfuKzkKjOeup\^fcKzf¥\nMkfgz ST ′ L:MkQDfgmUjkzkfcKztcKjOext'cKz5\nuKfgzjkw©\^c
( 1
4
+ 1
12
) lg m ≤ 1
3
lg m
\^mnfuKzkKeQDZ5. f¥\Z]j[t'QDZs\^cw0Q'm^¡cKmnP
u\#	3Y)&[	s\^ccCa[\nuKfgz£\q cHupefx\^fz5Y\^mnfiupzkCjkeup\^fcKzOZ`MOu3,fgzkQDuKtyMa0Q\q Q'QDz 1
12
lg m
upzdx 2
9
lg m\nm^fiupzOKeQDZD
) cCzOtQDm^zkfzkU\^MOQ`jkw±xkuH\nfgzkcK0cCjkm@Z]\^mnjOt¬\njkmnQ  QMOu3CQ\nctmnQDup\^Q \qczOQ' Z]Pupee[\nm^fiupzkCjkeiuH\^fcKzdZ
ST ′,ST ′′ MkcCZ^Q`tcCzOZq\nm^jdt¬\^fcKzdZ\nu8CQ O(lg2 m) uKP_cCm]\nfg¨DQDx\^fPQK,uKZ\^MOQsx[Q'eQ\nfgcCzcp0\^MkQcCex ST i ²6upee¾upmnmnu3Y[Zfgz,CcKeKQDxupmnQcpZ^f¨'Q
O(lg2 m)
´¬
¯ jkm`xkQDtcCPwdc5Z]fg\^fcKzwkMOuCZ]QupeecH`Z@\ncteiupfP \^MduH\cKzkeYu_zkQDKefgCfgakeQz,jkPa0Q'mcKzkQD Pbjke¥\nfgwOegQ
CQ'm^\^fitQ=ZU²6Z]MdupmnQDxa,YZ]QDKQDmnuKed\nfgz,Y\^mnfuKzkKjkeiuH\nfgcCzOZy´!MOu3CQadQDQ'ztmnQDup\^QDx¾kuKZ Q'ee¾uKZ \nMkQz,jkPa0Q'm`cK
zOQ' m^Q'¡Q'mnQ'zOt'QDZsadQ'\qQDQ'z¦Z^PuKege\^mnfuKzkKjOeup\^fcKzOZ:\nMOuH\x[fixtyMOupzkCQ. jkw±xkuH\nfgzkupee¾\nMkQDZ^QmnQ¡Q'mnQ'zdtQDZ
\yu8CQDZ:uH\`PcCZ]\
O(lg m)
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R,fzOt'QcCzkegY
O(1)
Z]fix[Q=ZcK`\^fz,Y\^mnfuKzkKjkeiuH\nfgcCzOZxkctyMOuKzkKQC$jkw0xOuH\^fzk upee\^MkQm^Q'¡Q'mnQ'zOt'QDZ\^c
S′, S′′
tcKPfzk¡m^cCP uKx3o]uCtQDzC\_\^fz,Y \^mnfiupzkCjkeup\^fcKzOZb\yu8KQ=Z
O(lg2 m)
upPcCm]\nfg¨DQDx \nfgPQ ²³up\P_c5Zq\
O(lg m)
zkc[x[Q=Z:fgz£CmnuKwkM
G
tyMOupzOKQ®\^MkQDfgm`x[QDKmnQ'Q3´¬
 eZ^cjkw±xkup\^fzkupeed\^MkQ®euKadQDegfzkCZ@cpuKmntDZIfgzKmyupwkM
G
mnQDh5jkfm^Q=Z@uH\@Pc5Zq\
O(lg2 m)
\^fP_Qs¡cKm\^MkQ
ZnupPQmnQDuKZ^cKz
,fzOupeegYjkw0xOuH\^fzkUwdcCfgz5\nQ'myZfzb\nupaOegQ=Z
Si
\yu8CQDZ
O(lg m)
upPcCm]\nfg¨DQDx\nfgPQZ^fgzOt'QcCzkeYu®t'cKzOZ]\nuKzC\
z,jkPbadQDm`cp$zkQDfgCM5a0cKmyZ:cp ST i x[ctyMOuKzkKQ²³MkQ'z¦uPQ'PcCm^Ym^QDegc[t'up\^fcKzfZ`zkQ'Q=x[QDx£fz¦u_\nuKakegQ Si cCzkeY
O(lg m)
m^Q'¡Q'mnQ'zOt'QDZ:MOu3CQs\nc_a0Qjkw±xkuH\nQDxfz£uCx3o]uKt'Q'z5\`Z]PuKege±\nm^fiupzkCjkeiuH\^fcKzdZn´
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L:MOQUfzOZ^Q'm^\^fcKzcp$ubzOQ' KQ'm^\^Q'§upe u3Y[Z:u0±QDt\nZ \nMkQfgz5\^QDm^fcKmcKub\^fz,Y\^mnfiupzkCjkeup\^fcKz .\nMkfZ:PQ=upzOZ
\nMOuH\:uec,tDupedP_c[x[f%dtDuH\^fcKzcK¢\^MkQs\^cCwdcCegcCKYbuKzOxcK0\nMkQ®uCx3o]uKt'Q'zOt'YbmnQ'eiuH\nfgcCzOZIfiZ@zOQ'QDxkQDxcCzkegY_MkQDz
\nMkQZ^fg¨DQUcK\nMkQzkQ' \^fz,Y\nm^fiupzkCjkeiuH\^fcKzdZ xkc5Q=Z:zkcp\ k\`a0Q\q Q'QDz 1
12
lg m
uKzOx 1
4
lg m

Ñ®\^MkQZ^fg¨DQKupú\^QDmb\nMkQfzOZ]QDm]\nfgcCz¤cK®u©zOQ' CQ'm^\^Q'§±x[c,QDZ_zkcp\Q'§[t'Q'Q=xkZb\^MkQ£jkwkw0Q'ma0cKjOzOx¤cK
1
4
lg m
[\nMkQ'z\^MOQzkQ' \^mnfuKzkKjkeiuH\nfgcCz T T ij′ fZuHuKegfix\nfgz,Y\^mnfuKzkKjkeiuH\nfgcCz¾Ñ!Z^fg¨DQx[c,QDZfzOtmnQDuCZ]QUcHKQDm:\^MkQefP_fg\scK$uHupefix\nfgz,Y\^mnfuKzkKjkeiuH\nfgcCz QPjdZq\`w0Q'm^¡cKmnP"uec[t'upe
xkQDtcCPwdc5Z]fg\^fcKzPu8,fzkutDupeecKI\^MkQbwkm^c[t'QDx[jkmnQ_)&[	))	%$ `#	31)"	V$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O±MkfityMm^Q=h5jkfgmnQDZ
O(lg m)
uKP_cCm]\nfg¨DQDx\^fPQK
: MkQDz¦\nMkQbfzOZ^Q'm^\^fcKz¦cKuCQ'm^\^Q'§xkc5Q=Z®tDupjOZ^QbuZ]wOegfg\UcKu\nfgz,Y\^mnfiupzkCjkeup\^fcKz\nMOuH\fzOtmnQDuCZ]Q=Z
\nMkQ¦Z^fg¨DQcKUuZ^PuKege:\nm^fiupzOKjkeiuH\nfgcCz¤cHKQDm_\^MkQjkwOwdQDmadcCjkzOxupeegcH QDx¾@ QMdu3KQ\^c w0Q'm^¡cKmnP \^MkQ
wOm^c[tQ=x[jkmnQe)&g	#)	%$7l_&& #"	%$'&()	T.U\^MkQx[Q=tcKPw0cCZ^f¥\nfgcCz©fz5\^c\qcZ]PuKege$\nm^fiupzkCjkeiuH\^fcKzdZ
uCZ:QDege±\nMkQjkw±xkuH\nQcp$uKx3o]uCtQ'zdtYmnQ'eiuH\nfgcCzOZ fgz£PupwOZ
F
upzdx
G
m^Q=hCjOfgmnQ
O(lg2 m)
\nfgPQK
R,fzOt'Q\^MkQ=Z]QbQ'CQ'z5\nZc[tDtjkmyZ`uHú\nQ'm
Θ(lg m)
²³m^Q=Z]w¾
Θ(lg2 m)
´KQ'm^\^Q'§fzOZ^Q'm^\^fcKzOZDO Qt'uKzZq\yuH\^Q
\nMkQ¡cKeecHfgzk3.
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cCzOt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Gi
pQ t'uKege5\^MOQ@\nfgz,Y
Z^wkef¥\²³m^Q=Z]w¾_Z]PuKege!Z^wkef¥\¬´swOm^c[tQ=x[jkmnQDZ®cKzkeY¦MkQDz©\nMkQZ]f¨'Q_cp:u\^mnfuKzkKjkeiuH\nfgcCz©x[c,QDZUQ'§[t'Q'Q=xkZU\^MkQ
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KjkeiuH\nfgcCzOZ'
fg\^MOfgzuZ]PuKege¢cCzkQKOuKegecH QDxO´
: MkQDzx[QDuKegfzk_f¥\nMPbjke¥\nfgwOegQKQDm]\nft'QDZD5\^MkQKQDm]\nQ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cCjkextyMOupzOKQ®\^MkQuKxHo]uKtQDzOtYmnQª
eiuH\nfgcCzOZ$a0Q\q Q'Q'zb\^MOQ`UuCx3o]uKt'Q'z5\\^fz5Y\^mnfuKzkKjOeup\^fcKzOZ5.¾fzbCQ'zkQDmnuKeC\nMkQ'mnQ:zkcp\!Q'§[fZ]\nZ$a0Q\^\^Q'mZ]cCegj[\nfgcCz
\nMOupzZ^fgPwkeYoqcKfzkfzk\^MkQ\nfgz,Y\nm^fiupzOKjkeiuH\nfgcCzOZtcKzdtQ'mnzkQ=x¢¢wdQDm]¡cCm^Pfzk\^MkQCQ'm^\^Q§©xkQ'eQ\^fcKzupzdx
tDupeegfzk_\^MOQZ]wkefg\]\^fzk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cCzOZ]\nupz5\z,jkPa0Q'mcK\nfgPQ=Zn´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Ñ\^MOQ­Ofw£t'cKzOt'Q'mnzOZupz£Q=x[KQ
(v1, v2)
\nMOuH\`efgQ=Zfz£\^MkQfz5\^Q'mnfcKmcpIu_\^fz,Y\nm^fiupzkCjkeiuH\^fcKz T T ij QMdu3KQ®Z^fP_wOegY\ncbjkw±xkup\^QUwdcCfgz5\^QDm
GAij
fgz£tcCegeQDt\^fcKz
PAi
IL:MkQtcCegcCm^fzkcK¾\^MOQ®a0cKjkzdxkupmnYupzOx\^MkQ
uCx3o]uKt'Q'zOt'fgQ=Z cp T T ij xkc_zOcp\styMOuKzkKQC,uKzOx\^MkQDzCmnuKwkM Gi x[czkcp\zkQDQDx\^ca0Qjkw±xkuH\nQDx¢Ñ¾\nMkQUQDx[CQsa0Q'ecKzk5Z!\nc\^MOQ®a0cKjkzdxkupmnYbcK¾\q c\^fz,Y_\^mnfuKzkKjkeiuH\nfgcCzOZ T T ij , T T ij′ f¥\:Pu3Yc,tDtjkm\nMOuH\\nMkQ­Ofwxkc5Q=ZtyMOupzkCQ\nMkQ\^cCwdcCegcCKYcK u\^fz,Y\^mnfuKzkKjOeup\^fcKz .®¡cKmQ'§[uKPwkegQC¾fg:uKzfzOtfix[QDzC\
\nm^fiupzOKeQfz T T ij MOuCZ\qcUQDx[CQDZ\^MduH\@upmnQ:tyMkcKmyxkZD3­OfgwOwkfgzO®\nMkQ:QDx[CQZ]MOuKm^Q=xa,Y T T ij , T T ij′ x[c,QDZxkfZntcCzkzkQDt\ T T ij fz5\^c\q czkcKz£uKx3o]uCtQDzC\:\nfgz,Y\nm^fiupzOKjkeiuH\nfgcCzOZ²ú\^MOfZsQ'KQDz5\:fiZx[QDwkft\^Q=x£fgz ,fgCjkmnQ}K´¬  Z¡cCm\^MOQKQDm]\nQ§ x[Q'eQ\nfgcCz¾$MkQ'z°\^MkQ\^cKw0cKecKCY©cCm\^MOQZ^fg¨DQx[c©tyMOuKzkKQC$f¥\_cKzkeYmnQ'PuKfgzOZ
\ncPu8KQu©¡jOZ^fgcCz¤cK T T ij , T T ij′  upzOx°\^ct'upee \^MkQwkmnc[tQDxkjkm^Qp)&[	)#	V$mh)	7#"	%$'&()	²6uHú\nQ'msw0Q'm^¡cKmnPfgzO\^MkQQDx[CQ­Ofwd´¬sL:MOfZ®Zq\nmnup\^Q'CYPu3Ym^Q=hCjOfgmnQ
O(lg m)
upPcKm^\^f¨'Q=x\^fPQfg$cCzkeY
\nfgz,Y\nm^fiupzkCjkeiuH\^fcKzdZ!fz\nMkQUZnupPQZ]PuKege0\^mnfiupzkCjkeup\^fcKzOZupmnQ®t'cKzOt'Q'mnzkQDx¢  zOupecKCcKjOZ^egYCKfg\nMkQ®Q=x[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